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5. a.  State  of  the  Problem  Studied 

Design  and  analysis  theories  for  planar  mechanisms  are  well  developed  and  such 
devices  are  In  common  use.  However,  many  automation  tasks  require  mechanisms  which 
can  generate  spatial  motion.  One  solution  is  to  employ  multi-degree-of-freedom, 
multi pie- input  robotic  manipulators.  However,  these  devices  are  limited  in  speed 
and  accuracy,  and  require  sophisticated  electronic  control  systems.  On  the  other 
hand,  slgle-lnput  spatial  mechanisms,  the  topic  of  this  research,  are  purely 
mechanical,  and  are  better  suited  for  performing  highly  repetitive  automation  tasks 
of  limited  complexity  more  efficiently,  reliably  and  economically  than  robotic 
manipulators. 

Single-Input  spatial  mechanisms  are  much  more  difficult  to  design  and  analyze 
than  planar  mechanisms.  As  a  result,  their  use  to  date  has  been  quite  limited. 
This  Is  especially  true  of  spatial  mechanisms  containing  higher  pairs  (joints  which 
develop  only  point  or  line  contact  and  allow  several  degrees  of  freedom  of  relative 
motion). 

The  research  being  conducted  under  this  grant  attempted  to  develop  simplified 
theories  for  designing  and  analyzing  single-input  spatial  mechanisms. 

S.b.  Summary  of  Most  Important  Results 

Accomplishments  to  date  include  vector- theories  for  the  analysis  of  spatial 

function,  path  and  motion  generators,  containing  higher-pair  joints  which  allow 

minimizing  the  number  of  mechanical  parts.  For  example,  a  newly  analyzed  class  of 

spatial  function  generators  has  only  two  moving  links:  the  input  and  the  output. 

Also  completed  are  design  theories  which  assure  that  a  synthesized  mechanism  is 

free  from  the  "branching  defect"  (l.e.  satisfies  the  physical  motion  requirements 

as  well  as  the  mathematical  criteria.  Additional  theories  have  been  developed  for 

synthesizing  several  types  of  single-input  spatial  motion  generator  mechanisms  to 

have  complete  input  crank  rotation,  to  have  optimal  transmission  characteristics 
and  to  have  the  correct  order  of  output  positions. 


Methods  have  been  developed  for  efficently  formulating  and  solving  systems  of 
non-linear  equations  which  commonly  arise  In  the  synthesis  of  spatial  mechanisms. 

It  Is  believed  that  the  theories  developed  under  the  sponsorship  of  this  grant 
have  greatly  expanded  the  utility  of  spatial  mechanisms  in  two  important  ways. 
First,  It  has  led  to  simplified  design  and  analysis  theories  for  spatial  mechanisms 
containing  higher  pairs.  Second,  it  has  produced  a  new  "whoTeistlc"  approach  to 
spatial  mechanism  design,  wherein  many  of  the  "real -world"  constraint  conditions 
are  considered  in  the  design  process. 
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Abstract — Kinematic  pairs  in  a  spatial  mechanism  are  viewed  cither  as  allowing  relative  screw  motion 
between  links  or  as  constraining  the  motion  of  the  two  chains  of  the  mechanism  connected  to  the  two 
dements  of  the  pair.  Using  pair  geometry  constraints  of  the  sphere-plane  and  sphere-groove  kinematic 
pairs,  the  displacement,  velocity  and  acceleration  equations  ae  derived  for,  R-Sp-Rfi  R-Sp-P,  PSp-P, 
PSp-R  and  R-Sg-C  three-link  mechanisms.  For  known  values  of  the  input  variable,  other  variables 
are  computed  in  dosed  form.  The  analysis  procedures  are  illustrated  using  numerical  examples. 


I.  INTRODUCTION 

The  mechanisms  containing  higher  pairs  such  as 
cams,  sphere-plane,  sphere-groove,  or 
cylinder-plane  provide  the  designer  with  the  capabil¬ 
ities  of  designing  machines  and  mechanisms  to  satisfy 
more  complex  and  exact  functional  requirements 
than  feasible  with  only  lower  pair  mechanisms.  These  ■ 
mechanisms  in  general  arc  compact  and  contain 
fewer  links  than  those  with  lower  pairs. 

In  recent  years,  there  has  been  considerable  devel¬ 
opment  in  the  tools  for  kinematic  analysis  of  spatial 
mechanisms  containing  lower  pairs. 

Kinematic  analysis  of  space  mechanisms  was  ini¬ 
tiated  by  the  significant  contribution  of 
Dimentberg[l].  Dimentberg[2, 3]  demonstrated  the 
use  of  dual  numbers  and  screw  calculus  to  obtain 
closed-form  displacement  relationships  of  an 
RCCCr\  and  other  four-,  five-,  six-  and  seven-link 
spatial  mechanisms  containing  revolute,  cylinder, 
prismatic  and  helical  pairs.  Denavit[4)  derived 
closed-form  displacement  relationships  for  a  spatial 
RCCC  mechanism  using  dual  Euler  angles.  Yang[5] 
also  derived  such  relationships  for  RCCC  mech¬ 
anisms  using  dual  quaternions. 

Vectors  were  first  used  by  Chace[6J  to  derive 
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closed-form  displacement  relations  of  RCCC  mech¬ 
anisms.  Wallace  and  Freudenstein[7]  also  used  vec¬ 
tors  to  obtain  closed-form  displacement  relations  of 
RRSRR  and  RRPtRR  mechanisms. 

Yang[8]  proposed  a  general  formulation  using  dual 
numbers  to  conduct  displacement  analysis  of 
RCRCR  spatial  five-link  mechanisms.  Soni  and 
Pamidi(9]  extended  this  application  of  (3  x  3)  matri¬ 
ces  with  dual  elements  to  obtain  closed-form  dis¬ 
placement  relations  of  RCCRR  mechanisms. 

Yuan[t0]  employed  screw  coordinates  to  obtain 
dosed-form  displacement  relations  for  RRCCR  and 
othe  spatial  mechanisms. 

Jenkins  and  Cross  ley  {I  IJ,  Sharma  and 
Torfason[12),  Dukkipati  and  Soni[!3]  used  the 
method  of  generated  surfaces  to  conduct  analysis  of 
single  loop  mechanisms  containing  revolute,  pris¬ 
matic,  cylinder,  helical  and  spheric  pairs.  Hertenberg 
and  Denavit[14]  contributed  iterative  techniques  to 
conduct  displacement  analysis  of  spatial  mechanisms 
using  (4  x  4)  matrices  containing  revolute,  prismatic, 
cylinder,  helical  and  spheric  pairs.  Uicker[l5J  ex¬ 
plored  in  further  detail  the  (4  x  4)  matrix  approach 
of  Hartcnberg  and  Denavit.  Soni  and 
Harrisberger(l6J  contributed  an  iterative  approach 
for  performing  kinematic  analysis  using  (3  x  3)  with 
dual  elements.  Kohli  and  Soni  [l  7, 18)  used  finite 
screws  to  conduct  displacement  analysis  of  single¬ 
loop  and  two-loop  space  mechanisms  involving  R,  P, 
C,  //  and  S  pairs. 

Bagci[l9)  used  a  (3  x  3)  screw  matrix  for  displace¬ 
ment  analysis  of  a  mechanism  containing  two  revo- 
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lute  pairs,  one  cylinder  pair  and  one  spheric  pair. 
Dobrovol$ki[20]  used  the  method  of  spherical  images 
to  analyze  space  mechanisms  containing  revolute  and 
cylinder  pairs.  Duffy  [21, 22).  Duffy  and 
Habib-01ahi[23]  used  the  method  of  spherical  trian- 
des  to  derive  displacement  relations  for  five  and  six 
fink  mechanisms  containing  revolute  and  cylinder 
pairs.  Ke!ter[25]  and  Gupta[26)  also  analyzed  space 
mechanisms  containing  revolute,  prismatic,  cylinder, 
helical  and  spheric  pairs.  Recently  K.ohli  and 
Soni{26]  and  Singh  and  KohIi[27]  used  the  method  of 
pair  constraint  geometry  and  successive  screw  dis¬ 
placements  to  conduct  analyses  of  single  and  multi¬ 
loop  mechanisms. 

In  the  present  paper,  screw  displacements  ex¬ 
pressed  in  sector  form  and  the  pair  geometry  con¬ 
straints.  also  expressed  in  vector  form,  are  used  to 
derive  the  displacement,  velocity  and  acceleration 
equations  for  R-Sp-R,  R-Sp-P,  P-Sp-R,  P-Sp-P 
and  R-Sg-C  three  link  mechanisms. 

Since  Revolute  (/?)  and  Prismatic  (P)  pairs  are 
special  cases  of  the  cylinder  pair  (in  prismatic  pairs, 
the  rotation  is  zero;  for  revolute  pairs  sliding  is  zero), 
we  derive  the  analysis  equation  for  C-Sp-C  and 
C-Sg-C  mechanisms,  and  then  force  rotations  or 
translations  at  one  or  more  pairs  to  zero,  to  obtain 
the  equations  for  the  above  described  three-link  one 
degree  of  freedom  mechanisms. 

Briefly,  the  procedure  for  obtaining  the  analysis 
equations  is  as  follows. 

Step  I.  Consider  the  C-Sp-C  mechanism  and  the 
C-Sg-C  mechanism. 

Step  2.  Separate  the  two  moving  links  (Bodies  I  & 
2)  at  the  sphere-plane  pair  for  the  C-Sp-C  case  and 
at  the  sphere-grove  pair  for  the  C-Sg-C. 

Sup  3.  Use  the  screw  displacements  in  vector  form 
to  describe  the  new  (fth)  position  of  the  sphere-plane 
(Sp)  or  sphere-groove  (Sg)  pairs  from  two  sides  of 
the  pair. 

Step  4.  Use  the  pair  geometry  constraints  on  the 
position  of  the  pair  obtained  from  two  sides. 


Sup  5.  Force  the  cylindrical  (C)  joints  as  revolute 
(R)  or  prismatic  (P)  joints  by  setting  the  sliding  or  the 
rotation  equal  to  zero  at  cylindrical  pairs. 

2.  THE  THREE-LINK  MECHANISM  AND  ASSOCIATED 
VECTORS 

Figure  I  shows  the  initial  position  of  two  rigid 
bodies  grounded  via  cylindrical  pairs  and  connected 
together  by  a  sphere-plane  pair.  Also  shown  are  the 
following  vectors  and  scalar  quantities; 
u^|  unit  vector  defining  the  direction  of  the  axis  of 
cylindric  pair  A. 

ue  unit  vector  defining  the  direction  of  the  axis  of 
cylindrical  pair  B. 

P  vector  locating  the  axis  or  cylindric  pair  at  A  in 
the  fixed  coordinate  system. 

Q  vector  locating  the  axis  of  cylindric  pair  at  B  in 
the  fixed  coordinate  system. 

A  unit  vector  perpendicular  to  the  plane  of  the  Sp 
pair  embedded  in  body  I. 

A'  vector  embedded  in  body  2,  congruent  with  A  in 
the  starting  position,  as  shown  in  Fig.  1. 

R  vector  locating  point  R,  the  sphere  center  in  the 
fixed  coordinate  system. 

0A  rotation  of  link  I  about  axis  p,. 

6S  rotation  of  link  2  about  axis  u,. 

SA  translation  of  link  I  along  axis  u4. 

St  translation  of  link  2  along  axis  ur 

Figure  2  shows  the  C-Sg-C  mechanism  with  all 
associated  vectors  and  scalars.  Description  of  all 
parameters  are  the  same  as  for  the  C-Sp-C  mech¬ 
anism  except  for  the  direction  of  the  vector  A,  which 
is  now  along  the  direction  of  the  groove  and  also  the 
addition  of  Sc,  which  is  the  translation  of  the  sphere 
along  the  direction  ofA.  _  _  _ 

X.  PAIR  GEOMETRY  CONSTRAINT  EQUATIONS 
Figures  3  and  4  show  a  sphere-plane  (Sp)  pair  and 
a  sphere-groove  (Sg)  pair  with  the  vector  R  locating 
R,  the  sphere  center.  The  vector  A,  in  the  Sp  pair  is 
defined  as  a  vector  perpendicular  to  the  plane  in 
which  the  sphere  moves.  In  the  Sg  pair,  the  vector  A 
defines  the  direction  of  the  groove. 


Fif.  I.  CSr  C  mechanism. 


Fig.  2.  C-S.-C  mechanism. 
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We  can  now  define  the  vectors  R,,  A/t  R"  and  A'. 
These  new  vectors  will  define  the  displaced  position 
and  direction  of  initially  coincident  point  R  and 
vector  A  in  bodies  I  and  2  respectively  after  some 
relative  motion  between  bodies  1  and  2.  The  prime 
notation  here  is  used  for  new  position  expressed  from 
the  motion  of  body  2,  whereas  the  unprimed  no¬ 
tations  are  used  for  new  positions  expressed  from  the 
motion  of  body  I . 

The  pair  geometry  constraint  equation  for  the  Sp 
pair  isf 


^KRy-R;)  A^  =  0,  a  =0.1,2,...  (I) 


which  expresses  that  any  relative  motion  between  the 
sphere  and  the  plane  must  be  perpendicular  to  the 
vector  A'  (Fig.  1). 

The  pair  geometry  constraint  equation  for  the  Sg 
pair  is 


d'R'  d* 

O.I.2.. 


(2) 


where  SQ  is  the  translation  of  the  sphere  along  the 
groove  in  the  direction  of  A'.  The  constraint  equation 
for  the  Sg  pair  expresses  that  any  relative  motion 
between  the  sphere  and  the  groove  must  be  along  the 
groove  which  is  in  the  direction  of  AJ  (Fig.  2). 

4.  WORKING  EQUATIONS 

Referring  to  Fig.  1,  let  A  be  a  vector  in  body  I  A' 
a  momentarily  congruent  vector  in  body  2  in  the  first 
position,  perpendicular  to  the  plane  of  the  Sp  pair. 


Fig.  4.  Sphere-groove  (5,)  pair. 
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After  some  displacement  of  the  mechanism,  these 
vectors,  in  general,  will  separate  due  to  the  relative 
motion  of  the  joint  elements.  Noting  that  both  bodies 
I  and  2  are  connected  to  ground  by  C  pairs,  we  use 
the  equations  developed  by  Kohti  and  Soni[26]  for 
expressing  the  direction  of  a  vector  embedded  in  the 
rigid  body  and  also  the  displaced  position  of  a  point 
of  the  body  after  a  rotation  &  about  the  cylinder  axis 
and  a  transition  S  along  the  same  axis.  Using  the 
prime  notation  for  positions  of  the  vector  A'  obtained 
from  the  motion  of  body  2  and  the  unprimed  no¬ 
tation  for  positions  of  vector  A  (assumed  frozen  in 
body  I  in  the  first  position  and  then  moving  with 
body  I)  from  the  motion  of  body  1,  the  displaced 
directions  of  the  vector  A  in  bodies  I  and  2  are 


A,  =  cos  OJA  -  (A  -  ujuj  +  sin  0Ju4  x  A) 

+  (A  •  u>4  (3) 

A'  =  cos  OJA  -  (A  •  u,)u,]  -f  sin  0 Ju,  +  A) 

+  (A  •  u>,  (4) 

Also,  the  displaced  position  of  the  point  R  in  rigid 
bodies  I  and,  2  are  given  by: 

R,  =  cos  0 J(R  -  P)  -  ((R  -  P)  •  uj  +  sin  0AJ 
x  (u4  x  (R  -  P))  +  [(R  -  P)  •  u4]u4 
+u4S<,  +  P  (5) 

R;  =  cos  0  J(R  -  Q)  -  ((R  -  Q)  -  u,)u,l  +  sin  0„ 

x  (“Ju*  x  (R— Q))  +  I(R  -  Q)  ■  u#N 
+ « *aSv  +  Q.  (6) 

Using  the  identity  (A  —  (A  -  u4)u4j=(u4  x  A)  x  u4, 
introducing  the  vectors 


K  =  R  — P 
L  =  R  —  Q 


(7) 


and  the  following  notation  for  any  two  vectors  u,  and 
D. 


Ufo  =  (ur  x  D)  x  uf,  (7a) 

we  can  substitute  eqns  (7)  and  (7a)  into  eqns  (5)  and 
(6)  to  get 

R,  =  R  +  u4S4  +  (cos  0A,  -  I  )U  +  sin  0  Ju4  x  K) 

(5a) 


and 


R;  =  R  +  u KS„  +  (cos  0h  -  l)U#,  +  sin  OJu,  x  L). 

(6a) 


tSco  Appendix  for  the  derivation  from  the  complete  Wc  now  take  the  time-derivatives  of  equations  for  R# 
eoiotraint  equation.  and  Rj  and  using  the  notation  of  dots  above  the 
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variables  to  indicate  time  derivatives,  we  obtain  the 
following  equations 

R,  =  UxS*  +  [cos  0^( u,  x  K)  -  sin  O^U^JO^  (8) 
R,' - +  (cos 0„( u, XL)  - sin 0*uM [0^  (9) 

R,  ”  n4Sj,  -  [cos  0^1),*  +  sin  x  K)]0*y 

+  [cos  0^uA  x  K)  -  sin  0^)0^  (10) 

S;  -  a  J;,,  -  [cos  0„UtL  +  sin  0,y(u,  x  L)]0^ 

+  [cos  O^u,  x  L)  -  sin  0tjUB  J04>.  (II) 

substituting  eqn  (7a)  into  eqn  (4),  using  eqns  (5a)  and 
(6a).  and  by  making  the  following  substitutions 

M*  =  cos  0Aj(uA  x  K)  -  sin  0Aj\iAlt 

(12) 

Mv  =  cos  0*(u,  x  L)  -  sin  0t/VtL_ 

N^  =  cos  0A  +  sin  OjfiPt  X  K) 

(H) 

N,  «=  cos  0%U4t  +  sin  0^(u,  x  L), 


For  the  Sp  pair, 

(r,-r;)-a;  =  o.  (2o> 

For  the  Sg  pair, 

(Ri-R;)  =  A;sCr  (21) 

Observe  that  eqns  (20)  and  (21)  are  eqns  (I)  and  (2) 
with  n  =  0. 

The  cylindrical  pairs  used  in  the  derivation  may  be 
forced  to  work  as  prismatic  (P)  pairs  by  letting  0bO 
or  may  be  forced  to  work  as  revolute  (R)  pairs  by 
letting  5  s  0. 

5.1  The  P-Sp-P  case 

For  this  mechanism,  we  use  0A  s  0,  s  0  and  eqns 
(14)  and  (17)  are  simplified  to 

Rj  —  —  tigSgj 

and 

a;=a. 

Substituting  in  eqn  (20),  we  get 


we  can  derive  the  following  working  equations 


(u„S*-u,S*)A-0  (22) 


Af  =  ^  +  (cos®w*"  OUn  +  sin  04(uj  x  A)  (14)  which  simplifies  to  the  input/output  equation 


Af  «  [cos  0*(u,  X  A)  -  sin  0* (15) 

a;  ~ [cos  0,/u,  X  A)  -  sin  0,^}IA]Stj 
-  [cos  0,U*.  +  sin  0,/u,  X  A))0|, 

Xj  “  —  Wifiij  (16) 

where 

V*  =  cos  0A(u4  x  A)  -  sin  0», Uw 

and 

=»  cos  0qUtA  +  sin  0fy(u,  x  A) 

R,  —  R>  =  ua£«,  +  (cos  0AJ  -  1  )U,A.  +  sin  0Al(uA  x  K) 

-  ~  (cos  Of)  —  I  )U4t 

—  sin  OffUfX  L)  (17) 

R/  —  Ry  —  UA$A)  +  M  Aj)At  —  U  gig,  —  (18) 

ft,  -  ft;  =  -  tlj%  +  M  JSf, 

-O^  +  N^-M.,0;  (19) 


5  (23) 

u4-  A 

5.2  The  R-Sp-P  case 

0A  is  the  input;  St  is  the  output  and  0ts=SAs  0. 
Equations (14) and (17)  with  0,sS,sO substituted 
in  eqn  (20)  proride, 

l  ~  OfSf,  -F  (cos  Ojy  -  !)Uj*  +  sin  0,/<J,  x  K)]  A  =  0  - 

After  amplification  we  obtain 

S  ,  Kcos  ~  WU  +  sin  0Aj(uA  x  K)1  •  A 
*  u,  •  A 

5.3  The  R-Sp-R  cure 

We  have  for  this  case  S,sS,s  0.  and  eqn  (14)  and 
(17)  are  simplified  to  obtain 


R>  ~  R;  =  (cos  Of)  -  l)LU  +  Sin  0,/uA  x  K) 

—  (cos  0*  —  l)U*t  —  sin  0„(u,  x  L) 


S.  DISPI.ACF.MF.NT  ANALYSIS 
To  analyse  the  displacements  or  a  particular  3-link 
one-degree-of-frccdom  mechanism  containing  either 
the  Sp  or  Sg  pair,  we  need  only  to  lake  working  eqn 
(17),  apply  the  constraints  of  the  particular  grounded 
pairs  and  then  substitute  Che  results  into  the  following 
pair  geometry  constraint  equations  for  displace¬ 
ments. 


A;  •=  A  +  (cos  Of)  —  1)0,4  +  sin  0*,( u*  x  A). 

Substituting  the  above  equations  into  eqn  (20);  and 
simplifying  the  resulting  equation,  we  obtain 

-S,- A  +  (cos  0,,  -  IX  -  U.(  •  A  -  S,  U*4] 

+  sin  Ot\(u0  x  L)  •  A  —  S,  •  (u„  x  A)[  *=  0  (25) 
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where  S,  is  the  known  vector 


Substituting  in  eqn  (21),  we  have 


S,  =  (cos  04j  -  l)U  <jr  +  sin  0,/u,  x  K).  (26) 

Equation  (23)  C3n  be  solved  for  Of  by  using  the 
following  identities 

!-tan*y  2tany 

cos04- - sin 0,= - —  (27) 

I  +  tan!y  1  -f  tan1  y 


u*Sf  —  Si  +  (cos  Of  —  !)U,t 

+  sin  04,(u4  s  L)  4-  A jSq  **  ^ 

Taking  the  dot  product  of  eqn  (3 1 )  with  (A’  x  u4)  and 
upon  simplification,  we  get 

cos  0%[Sy  •  (A  x  u,)  +  Utt  -  (A  x  u4)]  +  sin  0tJ 

*  lSy  •  V,A  +  U.t  •  U#4}  -  (»,  x  L)  -  U*.  -  0.  (32) 


and  simplifying  the  resulting  quadratic  equation  to 
yield 


0t.  ~b  ±  s/jb'-cjc  -2a)) 

2J  e  — 2a 

where: 

a  “  —  VtL  •  A  —  Sy  •  VIA 

A  =  ( u,x  L)  A  —  Sy  (u4x  A) 
r “  -s/A. 


(28) 


5.4  The  P-Sp-R  case 

Here.  (ie$ls 0  and  we  have 

Ri  -  R,’  *»  u^  —  (cos  04  -  )U,t  -  sin  0f(u*  x  L) 


Again,  Of  can  be  obtained  by  substituting  eqns  (27) 
into  eqn  (32)  to  obtain  a  quadratic  whose  solutions 
are 

u  «. 

2  c  —  a 

where 


a  =  Sy  •  (A  x  Uj)  +  U4i  -  (A  x  u#) 
0  =  Sy  Uw  +  U„.  U„ 
-(fl,xL)  Uw. 


Taking  the  dot  product  of  eqn  (31)  with  (u,  x  L) 
and  simplifying,  we  get 


and 

A^«*A  +  (cos  0,  -  l)U4<  +  sin  0f(u*  x  L). 


tSy  •  (u,  x  L)  -  (cos  Of  -  l)U4t  •  (u,  x  L)1 
6/=  Ay'-(u,xZ.) 


Substituting  the  equations  above  into  eqn  (20)  and 
simplifying,  we  get 


sin  0f(u,  x  L)  •  (u*  x  L) 
Ay'  •  (u,  x  L) 


(34) 


(cos  Of  -  IX  —  U«  -  A  -  S„/u„  -  U*,)I  +  sin  Bt, 

[("*  x  L)  -  A  -  S+ uA  •  (u,  x  A)]  -  S^A  A-0.  (29) 

Substituting  eqns  (27)  in  eqn  (29)  and  simplifying  the 
resulting  quadratic  gives  us 


Taking  the  dot  product  of  eqn  (31)  with  ut  and 
simplifying,  we  get 

Sgj  *=  [Sy  -  (cos  Of  —  I)U,t  —  sin  0f(u#  x  L) 

-■Wu#-  (35) 


0t  -  A  +  v/(6j  -  c(c  —  2a) 

Un  —j  - - - - 

2  c  —  2a 


(30) 


where  this  lime 


a  —  -  Un.  ■  A  -  (u4  ‘11*4) 

S  =  (u,  x  L)  •  A  -  SA,u4  •  (u,  x  A) 

<  -  “U«4-  A. 

5.5  The  R-Sg-C  cate 

Only  5,  in  eqn  (17)  is  identically  zero,  so  we  get 


«.  VELOCITY  AND  ACCELERATION  ANALYSIS 
To  obtain  the  velocity  and  acceleration  relations, 
we  can  either  (a)  take  the  derivatives  with  respect  to 
time  of  the  displacement  equations  or  (b)  use  the 
higher  order  constraint  equations.  For  the  P-Sp-P 
case,  taking  the  derivative  of  the  displacement  equa¬ 
tion  is  trivial.  But  for  the  other  cases,  this  procedure 
is  cumbersome.  It  is  therefore  more  convenient  to  just 
use  eqns  (14)— (19)  in  the  following  constraint  eqns 
(36)-(39),  which  are  eqns  (1)  and  (2)  with  n  =  I  and 
n  =  2. 

For  the  Sp  pair 


R,  -  R,' »  -  «**$#,  +  S,  -  (cos  Of  -  I  ){JtL 
-  sin  Of(us  x  l.) 


where  S,  is  given  by  eqn  (26).  Also, 

A,  «  A  +  (cos  Of  -  I  )Vf,  +  sin  0f(u,  x  A) 


(ft,-ft;>  a;  +  (R,-r;>  A;  =  0  (36) 

and 


(It,  -  ft;)  a;  +  2(ft,  -  ft;>  A;  +  (  r,  -  r;>  •  X; 

-0.  (37) 


,.N 
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+  (3S) 

end 

ft,-ft;  =  AX  +  2A X  +  AX  (39) 

6.1  The  P-Sp-P  case 

Here  we  can  use  the  time  derivatives  of  the  dis¬ 
placement  equation  to  get 


r  “R  "c 

**  r- r  *4 


**>  r~r 


S.-£x<r  («> 

6.2  Jfe  R-Sp-P  case 
Equations  (18)  and  (19)  become 

^  —  ft> =  —  u»Sj 

and 

ft,-  ft;  -  -  nx + mx  -  «x 

also 

a*  A;«a;«=o. 

Substituting  in  eqns  (36)  and  (37),  we  get 

<«=> 

and 

+  (43) 

wA  ®a'A 

6.3  The  R-Sp-R  case 

54B$4b  X  a  Sg  b  si^aO. 
Equations  (18)  and  (9)  become 

Vft;=M^rMA 

and 

ft,-  ft;  *=  -  N<X + MX + n^vmX- 

Also. 

K  =  VX:  a;  =  vX-wX 

Substituting  in  eqns  (36)  and  (37),  we  get 

6  _ - - 6  (44) 

4  m*-a;-(r,-r;)  v„  4 

and 

au  a;  2.m,.v 

,  N,  •  a;  -  2M»  •  2M„  •  -  (R,  -  R,)  •  W%  tf , 

t>  * 

(45) 


D  »  •  Aj  —  (R,  —  Ry)‘V^. 

6.4  77ir  P-Sp-R  core 
Equations  (t8)  and  (19)  are 

ft>  —  ft,  *“  ur-$i¥  _ 

ft,—  R,  =  u,f^+  NX,  —  M  JSq 


A;  «=  vX  and  a;  -  VX  -  wX- 
Substituting  in  eqns  (36)  and  (37)  we  get 

i  m - - X 

*  m*-a;-(R,-r;)-v„  4 


.+(n,a;-2M*v# 
-(R,-R,*)W#X>y  (48) 

where  D  is  given  by  eqn  (46). 

6.5  The  R-Sg-C  case 

Only  X  £4  and  are  zero  and  eqns  (18)  and  (19) 

become: 

ft,  —  ft;  «»  —  U  j£jy  —  M^f 


ft/"®;  ”  -  - 

+  —  Nl  tP ti 

also, 

A; = v,x »«««  a;  -  vx  - 

Substituting  the  expression  for  (ft,  —  ft,')  just  obtained 
into  eqn  (38)  we  get 

MX~uA-MA  =  A X  +  vXSe  (49) 

X  £„  and  Stl  are  unknowns  in  eqn  (49). 

Taking  the  dot  product  of  eqn  (49)  with  (A,'  x  u,). 
we  get 

(MX  “  MX)  •  (A,'  *  «.)  =  V%  •  (A;  x  u.)^S6, 
or 

,  M,.  •  A'  x  u. 

4* - iTuTsTi  a* - •  <50) 

iSc,*  ft  +  M#»)  *  X  Ujr 

Now,  taking  the  dot  product  of  eqn  (49)  with 
(A,'  x  (SUV^  +  M*)J.  we  have 

(MX  -  «X>  a;  x  [S,.y„  +  M»>  -  0 
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a  _  M^'  A,  x  (SftVfr -I-  M»)  ..  .... 

S*  ..  AJxfVs+M^  v  (  ' 

Again  taking  the  dot  product  of  eqn  (49)  with 


we  have 


A •  D|  x  (SqV q  4*  M^)  *  0 


.  •  u,  x  (SCV%  M#)  ^ 

^  #  (  > 

Acceleration:  Substituting  the  expression  for 
(ft,  —  ft,*)  obtained  earlier  for  the  R-Sg-C  case  into 
eqn  (39),  we  will  get 

~  —  it  +  Njj^  — 

-  (V  A  -  + 2VV>  a + a;4 


■A + 

■ — n^+mA+(N(i + 


—  2V AAr 


Letting  X  be  equal  to  the  r.h.s.  of  eqn  (53)  and  by 
using  the  same  technique  of  taking  the  dot  product 
of  eqn  (53)  with  the  proper  cross-products,  we  will 
obtain  the  following 

V 

ff  = - X  V-'-*— * -  (54) 

*  (56v,+m,)  a;x«, 

5  _X  Ax(Sc/V,  +  M,) 

5*  a#  -4y  X(S^V#  +  M#)  1  ' 

«  XttaXtS^  +  M,) 

“  a;  -  u,  X  (SQV„  +  M*)  1  1 

7.  NUMERICAL  EXAMPLES 

1.  Analysis  of  a  R-Sp-R  mechanism. 

The  vectors  describing  the  mechanism  are 

■a=>0f+l/+0£ 
u,«(3»  +  I/  +  0£)I/>/(10) 
p-O«+(Jf+0£ 

Q  — 0»‘  +  V+0-75Jf 
Rr-li+l4t  +  2Jf 
A-0»+(Jf+l£ 

The  plot  of  the  output  displacement  (0,),  velocity 
(if,)  and  acceleration  (8^  are  given  in  Fig.  S. 

2.  Displacement,  velocity  and  acceleration  analysis 


(53)  of  a  R-Sg-C  mechanism. 
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.  Table  of  displacement*.  velocities  and  accelerations 


A 

4 

» 

SC 

S. 

h 

» 

7.13 

.41 

•  -.20 

-.13 

-1.56 

~.r> 

.15 

1.76 

.36 

so 

12.99 

.12 

-1.21 

-1.22 

-i.W 

-.41 

1.26' 

1.79 

-.32 

so 

-93.07 

-3.36 

32.3 

-2.0> 

1.66 

3.6S 

2.04 

-.81 

-4.07 

120 

-ill. 34 

.26 

.40 

-.64 

1.99 

-.33 

1.11 

-1.59 

-.43 

tso 

.39 

.11 

•  36 

1.42 

-1.0 

» 

© 

6* 

-1.64 

.28 

300 

-SI. OA 

.46 

.cs 

1.32 

.66 

-1.06 

-1.06 

-1.20 

.90 

ISO 

-41.47 

.31 

.06 

1.33 

.01 

".Si 

-1.63 

-.44 

1.23 

3m 

-40. » 

.54 

.003 

i.j; 

-0.3 

-.67 

-1.63 

.41 

1.24 

330 

-19.17 

.31 

-.07 

.35 

-.97 

-.71 

-1.05 

1.23 

.97 

335 

-3.1 

.45 

-.16 

.13 

-1.43 

-.17 

-.15 

1.69 

.52 

The  mechanism  parameters  are 

*-(l7+9+l£)lA/(Q 

■a»(l*+(r+0f)l/>/(2) 

•  P-0i+0/  +  0Jf 

Q-Oi+Oy  +  lif 
R-3*+3/  +  3Jf 
A  -  (It  +  1/ +2f)l/>/(6). 

The  motion  parameters  are:  6Aj  is  one  unit  of  angular 
velocity  and  0^  is  zero,  both  constant  ror  j «» 0, 
1.2...- 

The  results  of  the  analysis  for  the  R-Sg-C  mech¬ 
anism  are  shown  in  a  table  on  the  next  page. 

The  direction  of  the  rotations  and  linear  motions 
are  established  using  the  right  hand  rule.  Rotations 
are  positive  counterclockwise  looking  at  the  head  of 
the  unit  vectors  and  u«.  Linear  motions  are 
positive  when  they  are  in  the  direction  of  the  vectors 
they  are  associated  with. 

It  is  to  be  mentioned  here  also  that  although  the 
quadratic  equations  gave  two  sets  of  solutions,  only 
one  set  will  define  the  motion  of  the  mechanism.  The 
other  set  of  solutions  are  for  those  positions  in  which 
the  mechanism  has  to  be  disassembled  into  the  other 

possible  configuration.*,  CONCLUSIONS 

Displacements,  velocities  and  accelerations  have 
been  derived  for  several  three-link  spatial  mech¬ 
anisms  containing  sphere-plane  and  sphere-groove 
pairs.  The  groove  of  the  sphere-groove  pair  was 
assumed  to  be  a  cylindrical  groove,  resulting  in 
straight  line  axis  of  the  groove.  However,  a  more 
generalized  groove  may  be  one  whsoe  axis  is  a  spatial 
curve.  The  authors  are  working  on  developing  anal¬ 
ysis  procedures  for  mechanisms  containing  such  a 
generalized  sphere-groove  pair.  The  expected  results 
of  their  work  will  be  the  subject  of  a  forthcoming 
paper.  Similarly,  the  authors  also  have  the  gener¬ 
alization  of  the  sphere-plane  pair  in  progress,  in 


which  the  parallel  of  the  pair  are  generalized  to  form 
equidistant  curved  surfaces. 
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APPENDIX 

I.  Sphere -plane  constraint  equation 
The  complete  displacement  contraint  equations  of  the 

•Sp-pair  are 


,  -  R,  »=  SfPr, 

(a) 

j* 

>% 

n 

o 

(b) 

where  ij^iti  unit  vector  in  the  plane  of  the  Sp  pair, 
perpendicular  to  A’  and  is  in  the  direction  of  the  relative 
motion  of  point  R  of  body  I  with  respect  to  the  initially 
coincident  point  R’  of  body  2. 

Derivatives  of  equations  (a)  and  (b)  with  respect  to  time 
arc  taken  to  give  the  following  velocity  and  acceleration 
constraint  equations 


Velocity 

(c) 

and 

*;>•*;+ u*  A, -o  (d> 

Acceleration: 

—  ”  Sfjs'r,  +  +  Sf^:^  (e) 

and 

b*  a;+*vA;+u;-A;-o.  (0 

The  constraint  eqns  (aHO  are  complete  in  the  sense  that  all 
of  the  important  variables  in  the  motion  of  thejoint  elements 
are  included.  Also,  the  Coriolis  component  in  the  ace- 
leralion  constraint  eqn  (0  is  evident  since  Ay  is  a  function 
of 

2.  Proof  that  (d*;df*X(R,  —  RyT  -  A")  =  0  «  “  0, 1, 2  satisfies 
the  complete  Sp  pair  constraint  equation 
Without  toss  of  generality,  we  can  let  Sn^Sfju'n  and 
write  the  complete  constraint  equation  as 

(« 

* 

and 

£(s„-a;)=o.  <b) 

Displacement-.  For  •  —0.  eqn  (a)  and  (b)  are 

(I^-RP-S*  (c) 

and 

s„a;-o.  (d> 

Taking  the  dot  product  of  eqn  (c)  with  A'  gives  us  the 
displacement  constraint  equation  for  the  Sp  pair. 

(Ry-Rp-A;-0.  (e) 

Velocity:  With  n»l,  eqns  (a)  and  (b)  will  become 

(0 

and 

S/J  *  A,  “  —  Syy  •  Ay.  (g) 

Taking  the  dot  product  of  eqn  (0  with  AJ  gives  us 

(Ay-ty  a;=Va;-  <h) 

Substituting  eqn  (g)  into  (h).  wil  have 

(Ay  -  A;>  -  a;  =  -  VA;.  <•> 

Equation  (c)  can  now  be  substituted  in  eqn  (i)  to  get 

(Ay-A,-)A;=  -(R,-R;>  a; 
or 

(ft,  -  A,-)  -  a;  +  (R,  -  r;  •  A;  =  o  (j) 

which  is  really 

£((R,-r;»  a;j  =  o.  <k> 

Acceleration :  For  n  =2.  eqns  (a)  and  (bl  will  be 

ft, — ft;  =  s„  <»> 
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Va;+2Va;+va- o  .  <m) 

Taking  the  dot  product  of  eqn  (I)  with  A;  and  substituting 

S/>  a;»  -2$„-A;-s^  a; 

from  eqn  (m).  we  win  get 

-’VVs*  a; 


or 

(R,  -  R;>  a;  +  2$„- A; + s„  •  A;  =>  o. 

Substituting  eqns  (c)  and  (f)  into  eqn  (n)  gives  us  1 


(R,  -  R;>  •  a;  +  2(ftJ-ftJ-)- A;  +  (R,  -  r;>  -  a;  =  o 

which  is 


ANALV5I  CINEMATIQL'E  DES  MECANISMES  SPATIAUX  A  T? OIS  3ARRES  CONTENANT  IES  PAIRES  SPHERE -PLAN 
ET  SPHERE-RAINCRE 


C.S.  Sandor,  D.  Kohli,  M.  Hernandez,  Jr..  A.  Ghosai 

**  '  0n  COn*idir"  S«"*rai«»»nc  qu’une  psire  dan*  un  rfcanisme  spatial  per  met;  un  mouve- 

oent  relatif  dc  via.  entre  les  nerbres,  ou  qu’ello  restraint  le  nouvewent  des  elements  qui 
lui  cat  relies. 

En  enployant  le*  contraintes  qioaftriqae*  des  paires  de  *ph»re-plan  et  de  sphftre- 
ralnure  cin«natique*,  tes  equation*  pour  le  deplaceraent.  la  Vitesse  et  1 ’acceleration  sont 
derive**  pour  les  nScanisne*  avec  trois  nerbres  R-Sp-R,  R-Sp-p,  P-Sp-P.  p-Sp-R  et  R-Sr-c 
(«:  revolute j  Pt  prienatique;  C.  cylindrique;  Ss  sphSrique.-  Sp:  sphfere-plan;  Sr:  sphSre- 
rainurel.  Pour  les  valeurs  connu-s  de  la  variable  d ’entree,  lea  autres  variables  sont  cal- 
cuiee.  par  de.  forties  non-it«ratives.  Le  proc«d?  d’ analyse  est  illustre  par  des  examples 
Buaeriquea . 
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KINEMATIC  ANALYSIS  OF  FOUR-LINK  SPACE  MECHANISMS  CONTAINING  SPHERE-GROOVE  AND  SPHERE-SLOTTED-CYLINDER  HIGHER  PAIRS 
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Gainesville,  Florida 

The  geometric  constraints  of  two  higher  pairs,  namely  sphere-groove  and  sphere-slotted-cyllnder ,  are  derived. 

Using  these  pair  geometry  constraints,  input-output  relationships  are  derived  for  several  mechanisms  containing 
sphere-groove  and  sphere-slotted-cyllnder  pairs.  The  input-output  equation  for  the  R-Sg-R-R  linkage  is  obtained 
as  a  fourth  degree  polynominal  in  the  half-tangent  of  the  output  crank  angle.  For  other  cases  of  mechanisms  con¬ 
taining  a  sphere-groove  pair  (such  as  R-Sg-R-P,  R-Sg-P-R)  the  input-output  equation  is  quadratic.  The  input-output 
equations  for  the  R-Sc-C-R  and  R-Sc-R-C  are  obtained  as  eighth  degree  polynomials  in  the  half-tangent  of  their 
output  angles.  For  mechanisms  with  prismatic  output  containing  a  sphere-slotted-cyllnder  pair,  the  input-output 
equation  is  a  second  degree  polynomial  in  the  output  translation. 


2.  INTRODUCTION  Vectors  were  first  used  by  Chace  [7,8]  to  obtain 


Mechanisms  containing  higher  pairs  such  as  cams, 
sphere-plane,  sphere-groove  or  sphere-ln-slotted- 
cy Under,  provide  the  designer  with  opportunities  for 
designing  mechanisms  and  machines  to  satisfy  more 
complex  and  exact  functional  requirements  than  fea¬ 
sible  with  only  lower  pair  mechanisms.  Higher  pair 
mechanisms  in  general  are  compact  and  have  fewer 
links. 

In  recent  years  there  has  been  considerable 
development  in  tools  for  kinematic  analysis  of  spa¬ 
tial  mechanisms  containing  lower  pairs,  but  very  lit¬ 
tle  has  been  done  in  analyzing  spatial  mechanisms 
with  higher  pairs. 

Kinematic  analysis  of  space  mechanisms  was  ini¬ 
tiated  by  the  significant  contribution  of  Dlmentberg 
[1].  Dlmentberg  [2,3]  demonstrated  the  use  of  dual- 
nuebers  and  screw  calculus  to  obtain  closed-form  dis¬ 
placement  relationships  of  an  RCCC1  and  other  four-, 
five-,  six-,  and  seven-link  spatial  mechanisms  con¬ 
taining  revolute,  cyllndrlc,  prismatic  and  helical 
pairs.  Denavlt  [A]  derived  closed-form  displace¬ 
ment  relationships  for  an  RCCC  mechanism  using  dual 
Euler  angles.  Yang  [5]  used  dual  quaternions  to  get 
displacement  relationships  for  an  RCCC  mechanism. 
Wallace  and  Freudensteln  [6]  used  a  geometric  con¬ 
figuration  method  to  obtain  displacement  analysis  of 
a  general  RRERR2  linkage,  also  called  the  Tracts  cou¬ 
pling. 

Htevolute,  C  -  cyllndrlc  pair 
2E  -  planar  pair 


vector  equations  for  position,  velocity  and  accelera¬ 
tion  analysis. 

Yang  [9]  used  dual  numbers  to  analyze  RCRCR  five 
link  spatial  mechanisms.  Soni  and  Pamidi  [10]  extended 
this  application  of  (3«3)  matrices  with  dual  elements 
to  obtain  closed-form  displacement  relationships  for 
RRCCR  spatial  mechanisms.  Soni,  Dukkipati  and  Huang 
[11]  also  used  (3*3) matrices  with  dual  elements  to 
analyze  6  link  single  loop  and  two  loop  spatial  mecha¬ 
nisms  containing  revolute,  prismatic  and  cylindrical 
pairs.  Yuan  [12]  developed  the  use  of  screw  co-ordi¬ 
nates  by  way  of  which  they  developed  closed-form  dis¬ 
placement  relationships  for  all  3R-2C  type  spatial 
mechanisms.  Duffy  [14]  has  demonstrated  the  use  of 
spherical  trigonometry  and  dual  numbers  to  obtain 
closed  form  input-output  relation  for  four-,  five-, 
and  six-link  spatial  mechanisms.  Duffy  and  Crane 

[15]  also  use  the  same  method  for  the  displacement 
analysis  of  a  general  spatial  7-link,  7R  mechanism. 

Iterative  techniques  for  analysis  of  spatial 
mechanisms  were  developed  by  Hartenberg  and  Denavit 

[16] .  Uicker  [17]  explored  in  further  detail  the 
matrix  approach  of  Hartenberg  and  Denavit.  Soni 
and  Harrisberger  [18]  used  (3*3)  matrices  with  dual 
elements  for  an  iterative  approach  to  analyze  spatial 
mechanisms . 

Finite  screws  were  used  by  Kohli  and  Soni  [19,20] 
to  conduct  displacement  analysis  of  single-loop  and 
two-loop  space  mechanisms  involving  R,C,P,H  and  S 
pairs.  Recently  Kohli  and  Soni  [21],  and  Kohli  and 
Singh  [22]  used  the  method  of  pair  geometric  con¬ 
straints  and  successive  screw  displacements  to  con¬ 
duct  analysis  of  spatial  mechanisms  containing  lower 
and  higher  pair.  Sandor,  Kohli  etc.  [23]  used  the 
above  method  to  conduct  displacement,  velocity  and 
acceleration  analysis  of  three  link  spatial  mechanisms 
containing  sphere-plane  and  sphere-groove  pairs. 

In  the  present  paper,  finite  screw  displacement, 


expressed  in  vector  fora,  and  pair  geometry  con¬ 
straints,  also  expressed  in  vector  fora,  are  used  to 
derive  the  displacement  equations  for  four-link  spa¬ 
tial  mechanisms  containing  sphere-groove  and  spt.e re¬ 
in-slot  ted- cylinder  pairs.  Although,  the  analysis 
of  spatial  mechanisms  containing  sphere-groove  and 
sphere-ln-slotted-  cylinder  pairs  can  be  done  by 
andeling  these  higher  pairs  as  SP3  and  RRP3,  the 
procedure  is  made  unnecessarily  complicated  by  intro¬ 
ducing  these  hypothetical  joints.  The  use  of  finite 
screws  and  pair  geometry  constraints  avoids  this. 


unit  vector  defining  the  direction  of  the  third 
joint  axis  in  the  initial  position  -  cylinder  pair 
3. 

unit  vector  for  defining  the  direction  of  the 
fourth  joint  axis  -  grounded  cylinder  pair  A. 

locates  the  first  joint  axis  u^. 

locates  the  third  joint  axis  u,  in  its  initial 
position. 

locates  the  fourth  joint  axis  u^. 

unit  vector  along  the  direction  of  the  groove 
embedded  in  the  groove  element. 

unit  vector  perpendicular  to  the  axial  centerline 
of  the  groove  defining  the  orientation  of  the  sloe 
in  the  initial  position,  embedded  in  the  groove 
element . 

unit  vector  along  the  direction  of  the  groove 
embedded  in  the  groove  element. 

unit  vector,  coincident  with  b  in  the  initial 
position,  embedded  in  the  sphere  element. 

unit  vector  initially  coincident  with  c,  embedded 
in  the  sphere  element. 


Figure  1.  The  C-Sg-C-C  Mechanism. 


-A* 

v/i 


Figure  2.  The  C-Sc-F-C  Mechanisms. 

3.  THE  FOUR-LINK  HECHANISMS  AND  ASSOCIATED  VECTORS 

Figure  1  shows  the  C-Sg-C-C  mechanism,  figure  2 
shows  the  C-Sc-C-C  mechanism.  Also  shown  in  the  fig¬ 
ures  are  the  following  vectors  and  scalar  quantities. 
The  vectors  are  denoted  by  wavy  underscores. 

Uj  unit  vector  defining  the  direction  of  the  first 
joint  axis  -  grounded  cylinder  pair  1. 

3S:  spheric  pair,  P:  Prismatic  pair,  R:  Revolute 
pair. 


unit  vector  embedded  in  the  sphere  element,  ini¬ 
tially  coincident  with  A 

vector  locating  the  sphere  center  in  the  initial 
position. 

vector  locating  a  point  on  the  groove  axis,  but 
initially  coincident  with  R. 

rotation  of  the  groove  element  pivoted  at  the 
first  C  joint. 

relative  rotation  of  the  sphere  element  pivoted  at 
the  third  C  joint,  with  respect  to  link  3  (Fig.  2). 

rotation  of  link  3  pivoted  at  the  fourth  C  joint. 

scalar  translation  along  u^  at  joint  1. 

relative  scalar  translation  of  link  2  with  respect 
to  link  3  at  joint  3. 

scalar  translation  at  joint  A. 


relative  scalar  translation  of  the  sphere  element 
along  the  groove  for  Sg  pair. 

relative  scalar  translation  of  the  sphere  element 
along  the  groove  for  Sc  pair. 


tra 


•v* 


T^hlr  I  (con t  i  n tied  ) 


vY.tr*  A  •  A  *  ICO*  •  -1)1'  ♦  •!»’  (•«*) 


»(  *  *  »  ici-s-.-lV.jj.  ♦  •in<1(«(tK1)  * 


(?2*V*“2 

“m2  ■  'VV 

(UjPA)»Uj 

•  ‘fi-V 

*5-P2 

S  •*-,i 

Ij  end  «2  ere 

axes  of  rotation,  - 
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Lunations  <c),  (d) ,  (e),  (f)  and  (|)  can  be  written  In  a  different 
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Figure  4.  Vector  Notation  for  Finite  Successive 
Screw  Displacements. 
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4.  FINITE  SCREW  DISPLACEMENTS 

Fig. 3  and  4  show  a  rigid  body  £  connected  to  ground 
by  weans  of  one  cylinder  pair  and  by  a  chain  con¬ 
taining  two  cylinder  pairs  respectively.  By  giving 
successive  screw  displacements  and  using  a  shorthand 
notation,  the  displaced  position  of  A  and  R  are 
obtained  as  shown  In  Table  I. 

Tati*  t 

|W  41*o laca*  fMlllaa  of  tka  aactar  A  attack**  to  My  I  to  fl(  J 
U  |1M*  bp 

Aj  •  A  ♦  (cMytXfj'MHj  ♦  .1*VV*>  W 

ft  a  point  I  n  Um  mt#f  A.  «M  displaced  poeiclon  ta  |lw"  *7 

ij  *  «  ♦  CMotJ*ft)<«l"Ci-*»'i^  ♦  •l*WcV?,)  *  *1*1 

r  la  a  vactat  vblcb  Ucatoo  the  ula  of  rotation  and  M  contain*  the 
link  Maaaalaaa,  aklck  can  bo  written  to  tana  of  constant  evict  m|1« 
and  off  ao  to  * 

.  Tka  diepUcod  pooltleo  of  A  and  A  lo  t  shewn  lo  ftp  *  (after  oerev 
dloplcc  — ool  at  Jolota  l  aod  2)  oro  obtalood  os  follow. 


AjM  •  a}  a  hnylH^  ♦  ata*j<a1«J> 

»  **  (aaa».-l>»—  ♦  «,)  ♦  *j»j 


0,  *  l.j.ll-fj)) 

la  the  case  of  o  I  or  f  Joint,  tbc  translation  or  rotation  respective! 
veal  she*  and  the  result  In*  equations  coo  be  cooclderoble  slnpllf  led . 


F'r-"RE  5.  The  Sphere-groove  (Sg)  Fair. 


.  louxt  6.  Ine  S?hti<£-i',-ss-orrE3-CYLiNDEa  (Sc)  Pair. 


5.  PAIR  GEOMETRY  CONSTRAINTS  FOR  THE  Sg  AND  Sc  PAIRS 

Figure  5  shows  the  sphere-groove  (Sg)  pair.  The 
vector  A  defines  the  axial  centerline  of  the  groove 
and  vector  R  locates  the  sphere-center.  Figure  6 
shows  the  sphere-ln-slotted-cyllnder  (Sc)  pair. 

Vector  c  defines  the  axial  centerline  of  the  groove 
end  vector  b  is  normal  to  c  in  the  initial  position. 
Vectors  A,  b,  and  c  are  all  unit  vectors.  Vector  R 
locates  the  sphere  center.  Vectors  c*,  b*  are  also 
shown. 

The  pair  geometry  constraints  for  the  sphere- 
groove  and  sphere- ln-slocced-cyllnder  pairs  can  now 
be  defined. 


The  pair  geometry  constraint  for  the  Sg  pair  is 
given  by  (see  Fig  1) 


O) 


where  gj  is  the  displaced  position  of  R  obtained  from 

a  screw  displacement  at  Joint  i;  R43  is  the  displaced 
poaltlon  vector  of  the  sphere  center  originally  loca¬ 
ted  by  R  due  to  successive  screw  displacements  at 

Joint  3  and  4;  and  A  is  the  displaced  vector  A  due  to 
a  screw  displacement Jat  joint  1. 


The  pair  geometry  constraint  for  the  Sc  pair  is 
given  by: 


Rj43  -  c}T 


(2) 


Equation  (1)  and  (2)  imply  that  the  relative 
displacement  in  the  higher  pair  can  only  he  along  the 
groove . 


A1so9  there  can  be  no  rotation  about  the  vector 
c.  This  condition  can  be  expressed  as 

(cJ*bJ) *b*43  «  0  (3 

where,  d  bj  are  the  displaced  vectors  c  and  b 

due  to  a  screw  displacement  at  Joint  1,  and  V43  is 
the  displaced  vector  h*  due  to  successive  screw  dis¬ 
placements  at  joints  1  and  4. 


The  constraint  equations  for  velocity  and  acceleration 
can  be  obtained  by  taking  time  derivatives  of  equa¬ 
tions  (1),  (2),  and  (3).  The  general  constraint  equa¬ 
tions  for  Sg  pair  can  be  written  as: 

~  R43)  -  A3),  n  -  0,1.2  (4) 

dt"  J  dt"  8'J 


and  for  the  Sc  pair 


i-(X3  -  R43)  -  (c3T).  n  -  0,1,2  (5) 

dt"  ~ 3  3  dt"  “3 


d 

dt 


n[(c3«bJ).b*43l 


0,1,2 


(6) 


6.  ANALYSIS  OF  MECHANISMS  CONTAINING  Sg  PAIR 


To  analyze  four  link  mechanisms  containing  an  Sg 
pair,  we  need  to  consider  equation  (1).  The  terms 
can  be  expanded  as  in  equations  (h) ,  (i)  and  (j)  by 
using  proper  subscripts  and  superscripts.  In  order 
to  get  an  input-output  relation  between  0^  and  0^  or 

S^  (if  the  fourth  joint  is  prismatic)  it  is  necessary 
to  eliminate  0^  or  (depending  whether  the  third 


joint  is  a  revolute  or  prismatic)  and  S^.  The 

pair  has  four  degrees  of  freedom,  so  the  other  joints 
have  to  be  either  P  or  R  joints. 


6a.  The  R-Sg-R-R  Case 

In  this  case  0^  is  the  Input,  0^  is  the  output. 

All  the  cylinder  Joints  have  to  be  forced  to  have 
zero  translation  to  make  them  revolute  joints.  There¬ 
fore  we  have  the  following  expressions: 

R3  “  R  +  (cosSj-l)[  (u1»(R-P1))*u1l  +  sinBjfUj^xfR-Pj)) 

(7) 

A3  »  A  +  (cosBj-l)  [  (u^AjxUj]  +  sinPjfu^A)  (8) 

R43  -  R4  +  (cos63-1)C34  +  sin03D34  (9) 

4  4  4 

R j ,  and  nan  be  expanded  like  equation 

(J)  with  proper  change  of  subscripts  and  superscripts. 

Taking  the  cross  product  of  equation  (1)  with  A3  we 
have 

Rj *Aj  -  R43*A3  (10) 


The  left  hand  side  is  known  since  is  the  in¬ 
put.  Expanding  and  then  simplifying  the  right  hand 
side  of  equation  (10)  we  have. 


1  1  1  43  1  4  14 

A  -R  -  -  AjXR^  +  (cos«3-l)(A‘«C3j)  +  sinPj 

<a3o3“>  (11) 


Taking  the  cross  product  of  both  sides  with 
Aj  «  we  have 

(cos  3-i ) (a  j -Cj4)* (a3 -o34)  -  ia|«(r|-r4)1-(a|-d34)(12) 


Sinolifving  and  noting  that  equation  (12)  is  actually 
a  scalar  equation  as  both  vectors  are  along  we 

*  J 


4 


have 


<cos73-iMa}-(c3^e>3^)!  -  U3-(x]-r*)>d3*1  (13) 

1  4 

similarily  caking  cross  product  with  A  *C,  and  sim¬ 
plifying  ve  have  -J  -  J 

sinm3[Aj-(D3^C3^)l  - 

Equations  (13)  and  (14)  can  be  written  as 
A  cos6j  *  B  +  A 
-A  sin?3  -  C 

where  A  »  •  (C^'O^) ,  8  »  A*  • (R*-R4)*D34 

c  -  a}.(r}-»;x3; 

Squaring  and  adding  we  have  the  input-output  rela¬ 
tionship  as, 

j  ^  2 

B  +  2A3  +  C  -  0  (18) 

Simplifying  expressions  in  (17)  It  can  be  shown  that 
all  terms  A,  B  and  C  are  linear  in  sin9.  and  cose. 
(Table  II)  4  4 


(14) 

(13) 

(16) 

(17) 


I«S1«  11 


3~ +  x43(--:3~  2:,j)  +  - 2i4+2afe) 

+  x. (2a. )  -  a,  -  0  (20) 

«*  o  6 

where  ,  j  *  1,2, 3, 4, 5  are  defined  in  Table  III. 


v-v-v 


H  *  ■-;-j':c2c3*'!6:  ’  a4  ’  :V:-2*:clC:'d2) 

H  *  ;“:V:ciW  •  %  *  V'hS’ 

*:  *  JJ,1*  *j‘>-  ?/•  I  ■?,  * 

t>_  *  i  r,*-5)'e4i  ■  U"“U'W* 

h’  I«*5s» 


■  >  - A 


*  !«*<?.■  ?3» 

'-[(t.-t,'  -  tP4»Cj)l 


ij/'V  ■  *  ?4”V4c  > 


<4  *  -V* 


•(Cj-Dj)] 

'•(e4*t9j*Bj1,'rr4’  *  -"W 


V 

a.  . 
» 

4 


j 

ri.M. 


•(u4«ic,»pj))! 


Simplification*  of  hh  V me  tor  fajrtuioiu: 

Cj*«DjJ  *  <CjOj»  ♦  («o»«,-I>(C,*CC*4«,)*»t)  ♦  ((«4“Cj)'44)>0j1 

♦  «4a41I-01TJ)-iitl  *  IIJ01*»J)!«i;»laJst  ♦  c<MJ»4-IcM»t  ♦  l| 

•  (Cj-Oj)  ♦  tc<»»4-i)[-l»t-(c,o3)l»4  ♦  (Cj«0j)|  ♦  •i«»4t-<cJ.DJ)-«4) 


-  (Cj-3,1  ♦  (e<««4-l)l.4-CC,*5j»-.4l  • 

<•) 

SUUlarl?.  •J’OjJ  *  <*4<j>  *  <<»s*4-3)!<«4*k4"0j>”«4I 

♦  rt-VVW*  *  !*'?« 

0» 

-  Wj'i 

(c) 

Italian?.  .‘-CjJ  -  »4«,)}  - 

W) 

-*  *  ‘W* 

(•) 

?3*S»  *  S.*  *  «“*‘4-»l?4-*n.>-?4l  *  *l=WI31,*) 

<f> 

Tj*b»  •  t3s*  *  *  •un<***TJb«) 

U) 

*»•  •  (V?*>-?3  'I30--3 

0»> 

?*.  •  <?j*r» 

<1) 

l-x3  2x3 

Again  using  cosfl.  •  - ,  ,  sine,  “  - -a 

i+X3  1+X3 
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tan 


and  using  trigonometric  identities: 


sin-jij 


cos^j  =1, 


sinij  -  Xjtos^j  “  x3 


we  have,  x3  -  B/C  «  C/3  +  2A 


(21) 

(22) 

(23) 


using  equation  (1)  and  caking  the  scalar  product  with 

.1 

A^  we  get. 


(Sj-R43)-a|/Aj'A^ 


(24) 


So  the  Input-output  relation  is  of  fourth  degree  In 
the  tangent  of  the  output  half-angle.  The  input- 
output  relationship  Is  of  the  form. 


2  2 

Ujfcosr^-l)  +  n^sin  i ^  +  a^in-^fcosS^-l)  + 
o^fcos^^-l)  +  ajSlnr^  +  ■  0 


(19) 


using  cosS^ 


sin? 


2x 

1+x 


*4 


ve  get. 


Taking  the  derivatives  -A  equation  (20),  (23)  and 
(24)  ve  cao  obtain  expression  for  velocities  and 
accelerate  ns.1* 

6b.  The  R-Sg-R-P,  R-Sg-P-K  and  i»-Sg-?-P  Cases . 

For  mechanisms  contain!. .0  Sf  pair,  like  the 
R-Sg-R-?  mechanism,  the  R-Sg-P-R  mechanism  and  the 
R-Sg-?-?  mechanism,  the  input-output  relationships  can 
be  found  after  simplifying  the  expressions  for  finite 
screw  displacements  and  the  pair  geometry  constraints 
(see  reference  (24)  for  details). 


‘See  also  Ref.  (24). 


5 


For  the  R-Sg-R-P  mechanism  the  input-output 
relationship  is  quadratic  in  output  displacement. 
For  the  S-Sg-P-R  mechanism,  the  input-output  rela¬ 
tionship  is  quadratic  in  the  output  tangent  half 
angle.  For  the  R-Sg-P-P  mechanism  the  input-output 
.relationship  is  linear. 

7 .  ANALYSIS  OF  FOUR  LINK  MECHANISMS  CONTAINING  AN 
Sc  PAIR 

The  Sc  pair  has  three  degrees  of  freedom,  so 
there  can  be  only  one  cylindrlc  joint  and  the  two 
other  joints  are  revolute  or  prismatic.  To  analyze 
four  link  mechanisms  containing  an  Sc  pair  we  need 
to  consider  equations  (  2)  and  (3).  In  order  to 
get  an  expression  between  input  9^  and  output (s) 

9,  and/or  S^,  we  need  to  eliminate  one  joint  rota¬ 
tion  and/or  translation. 


7a.  The  R-Sc-C-R  Case 

In  this  case,  S^  i  S^  S  0.  Equation  (  2)  can  be 
written  as, 

l  u  4  a  i  I  ( 

R*  +  <cos83-1)C3j  +  Sin93l>3*  +  u3jS3  +  c*T  «  R^  K23> 


By  writing  the  dot  product  of  equation  (25)  with  c 


and  u^  we  get  after  simplification. 


-j 


(l-cos93)a3  +  sln93b3  +  c^  «  0 
where  a3  -  cj-D^  .  bj  - 

ci  ■  Sj-wfraJ)  -  ?3J*(ej'!j)* 

Simplifying  equation  (  3)  we  obtain 
a2(l-cosa3)  +  bjSlnflj  +  c?  -  0, 

where  a2  -  -<cj*bj> -X^ 
b2  ’ 

c2  -  (Cj*bj ) *b*4 


(26) 


(27) 


(2u) 


In  Table  II  the  expanded  terms  for  X^*,  Y3j(,* 
are  given.  We  can  eliminate  flj  from  (26)  and  (27) 

2 


after  using  cosflj 


1-x, 


1+* 


and  sin93 


2x, 


1+x, 


x3  »  tan93/2 


The  elimlnant  is  given  by  |ab||bc|  -  | ac |  »  0,  (I.) 

jac|  | be , 

and  the  common  root  is  given  by  x. 


J  lab] 

lac  ' 

(3G) 

where  : ab | 

-  (2a1+c1 

H2b2) 

-  (2b1)(2a2+c2) 

|bc  | 

’  2blC2  - 

2b2ci 

and 

(31) 

Jac  | 

'  <2*l4cl 

>c2  " 

(2a2+c2)c1  »  28^2  - 

2a2c1 

Equation  (29)  is  the  input-output  relationship. 
All  the  terms  bj ,  i  =  1,2  are  linear  in  sin?4 

and  cosl,.  Equation  (29)  can  be  simplified  to  give 

3  r 

7.  x,  «  0,  a  polynomial  in  tan  (6^/2)  in  terms 
i«0 

of  9^  ar.d  link  parameters  (refer  to  reference  [24]  and 
Table  IV  for  details. 

t«bl«  IV 


Co«?fi:ln:i  of  eh«  8th  d*|r«t  polynomial  for  R-Sc-C-1  Mechanism, 
•j  •  t/3jJ  •  ♦  32(co*«4-I>  ♦  a3»ln04 

A.  ♦  A,(cOS0, -1)  ♦  A. Sin6 


*2  ■  -<:3I-hS’-I5jb* 

s  -  :*-c  ‘  .  s 

-  i 


1  T  4  ^  3 

;,(co»e.-i)  ♦  e  sine 


kj  -  ■  *i  *  ,2<'«»vl)  *  V"8* 

*  sJ'tXj'Mjj)  -  J-8' •  Tj  ♦  Tj(co»d4-l>  ♦  Tj*2n94 


•;  'J-  2 


’2  • 

’2  ♦  !«■"*.,*  * 

'l  ■ 

*1  •  -‘rh!'-?*.-  S  • 

*1  *  *2  • 

»»  • 

cl  ’ 

C2  * 

Cj  •  uj-vj)  (“4-b*) 

lib!  •  X.  -  Xj(;<,,94-1)  *  Ij»1i\!4  ♦  X4«l«»4<co,»4-l>  +  X}«lf>*«4  ♦  t((co,>4-l) 

lie)  -  Tj  »  *•  Ij»1b»4  ♦  T4*ln»4(co»»4-I)  ♦  Ijtin’l,  ♦  T4(co»94-l) 

iac|  -  2^  *  2^{co,94-1)  *  lj»ln?4  +  Z4»lo94(co»64-l)  +  ♦  Z4<co»*4-l) 


J  1  3  3  ’J" 

2: {  =  .  -  -  2I?j(2Aj  »  Cj)) 


3V2 


3  '  *’}')  33 

’  2i:':  '  !,2'2 
•  ,S1:1  •  *Vi 

2,.:.  -  2.2c,  -  2a1>2 


3*2 


2 

2 

2 
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,  ,  Table  IV  front fnuedl 

l*b|  I  be  |  -  f.cl-'  -  o 

'l  *  ‘,<<a*VU  4  4J.1„  4  4  «4.iUt(co.b4-l)  .  «j.lo\  *  ijlco.^-l)2 

*  Si‘l°7\  *  *  !,»l“Ve<,,V1>>  *  «4(«,94-l).l„Ja4 

*  V‘°\  *  *10<CMVui  *  :u*«»\(eo.«t-nS  4  411.ln,«4(ce.?4-U 
‘  *  15<=°.«t-»‘  -  0 


*2  *  Vl  *  Vl  -  »,22 
'*  *V>*  Vi-  Vj 
'*  *  V*  ♦  Vi  -  *i2i  *  Vi  -  Va  -  “a2} 

♦  j  -  Vi  ►  Vl  -  *Vi  ♦  *,t>  -  a,2 

*.  -2l,b  *  Vl  -  2Vi  *  22Y2  -  *,* 

47  *  *2**  -  Vl  *  Vl  *  Vl  -  Vi  -  I222* 

4,  -  V,  *  V*  4  *5T2  *  Vi  -  “i2,  -  Vi 
4,  -  Vs  ♦  Vl '  Vl 

*10  '  Vl  ♦  V2  -  Vi 


•li  *  V»  4  Vl  -  2Vi 4  Vi  -  V 

412  '  Vl  ♦  V*  '  “l2! 

'll  -  Vl  ♦  2lTi  '  “»24 

.  .  .  _  2 


l"*4  -U i 

«alo«  co*»4  -  i  ,  (co*S4  -1)  .  — ^  and  eh* 

ftBAl  «th  4i|rM  90ljxumi.ll  t*  ofce«lo«d  U 

*i*<l“u  ♦  ‘l  -  “a  ♦  *«,  -  »4la)  4  *47(24j  -  *i4  ♦  -  144u)  ♦  «t‘ 

“2  4  “* 4 “»  -  M*o  *  ‘“la  -  »v  +  «>, .  4  ,S;  4  ]s  .  l#v 

♦  *i‘(‘«l  -  »4j  ♦  M,  4  ii4  .  ,5,  »  114j4>  ♦  »4J<aiJ  -  n4  4  li,)  *  «42 
(*'l  -  “a  ♦  ‘4j)  ♦  %<»«,)  *44»J 


Equation  (30 )  gives  6^.  To  get  Sj  and  T  we 
•gain  take  suitable  dot  and  cross  products: 

. .  »?;-?;>  -  ■  <■?;> 

3  ‘ 

T  •  (cos03-l)C3j]*(D3Su3S 


a  1  4  4  y  / 

{c.i  )4(B3jX“3j> 

7b.  The  R-Sc-C-P.  R-Sc-R-C  and  R-Sc-P-C  Cases. 

For  the  R-Sc-C-P,  R-Sc-R-C  and  R-Sc-PC  mecha¬ 
nisms,  the  Input-output  relationship  and  the  expres¬ 
sions  for  the  intermediate  joint  variables  can  be 
found  after  simplifying  the  expression  for  finite 
•crew  displacement  and  the  pair  geometry  constraints 
(see  reference  (24]  for  details). 

For  the  R-Sc-C-P  mechanism  Che  input-output  rela¬ 
tionship  is  quadratic.  For  the  R-Sc-R-C  mechanism 
the  input-output  equation  is  an  eighth  degrt  poly¬ 
nomial  In  the  output  tangent  half-anele.  For  the  R- 
Sc-P-C  case,  the  input-output  relationship  is  quad¬ 


ratic.  The  expre-sinn  for  interrediate  joint  angles 
can  be  round  by  taking  saleable  dot  and  cross  pro¬ 
ducts  in  a  manner  siriisr  to  the  R-Sc-C-R  case. 

A .  NVTRICAl  E>:A>'t-_t 

I.  ?-?2-R-R  Mechinisr. 


■sri 

+ 

l'i  -  ‘tk  :?3  «= 

-H 

+ 

21 

+ 

31  -  k  _;S  - 

li 

lj 

+ 

0. 24j  -  0 . 97k;Uj  » 

Oi 

+ 

u.  *  Oi  +  0.33i  +  0 .  5  5  k ; A  -  0.7071+  0.7071  +  Ok 

and  is  the  input.  I'r.knowns  are  and  S^. 

"he  plots  of  the  and  --  in  terms  of  5.  are  shown  in 

figures  7  and  3.  i  l 


:■  84  n>w>  &i  >w  l-li-l-l  Sft 


Flw*t  ■  :>  fij  a.w,  ft  .0*  ’-So-VI  ntcwuw. 

2.  R-5;-C-R  >!echar.ism. 


-iven: 


?!  -  Oi  +Oj  +Ok  ;  P3  -  -li  +2j  +0k 

?,  *  21  +3j  +0k  ;  R  ■=  li  +lj  +lk 

u ^  «  Oi  +0.707j-0.707k;  u3  =  0. 5771+0. 577J+0. 577k 
ui  »  -. 7071+0. 707j+Ck  ;  b  «  li  +0j  +Ok 

c  -  Oi  +Oj  +lk  ;  b*  «  li  +Oj  +Ok 

and  is  the  input.  The  unknowns  are  6^,  6^, 

and  7.  The  plot  of  r,  in  terms  of  0.  is  given  in 
Figure  9. 
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Displacement  equations  have  been  derived  for  sev¬ 
eral  four-link  spatial  mechanisms  containing  sphere- 
groove  and  sphere-slotted-cylinder  pairs.  Velocity 
and  acceleration  relationships  can  be  obtained  by  dif¬ 
ferentiating  the  displacement  equations.  The  grooves 
of  these  pairs  were  assumed  to  have  straight  axial 
centerlines.  However,  a  -ore  generalized  groove  nay 
be  one  where  the  centerline  is  a  spatial  curve.  The 
authors  are  working  on  the  analysis  of  these  and  also 
of  other  three,  four,  five  and  six  link  mechanisms 
containing  other  higher  pairs.  The  expected  result 
of  the  work  will  be  retorted  in  forthcoming  paners. 
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In  this  work,  results  of  the  investigation  dealing  with  analysis 
of  spatial  mechanisms  containing  higher  pairs  are  presented.  Com¬ 
plete  analytical  expressions  for  the  position,  velocity  and  accelera¬ 
tion  analysis  for  several  three-,  four-,  and  five-link  spatial 
mechanisms  containing  higher  pairs  are  presented.  Also  presented 
are  computer  programs  for  the  analysis  of  some  of  these  mechanisms. 

A  higher  pair  as  distinct  from  a  lower  pair  allows  more 
degrees-of- freedom  between  its  elements.  The  kinematic  analysis 
of  spatial  mechanisms  containing  higher  pairs  is  based  on  the 
concept  of  finite  screws  and  pair  geometry  constraints.  Expres¬ 
sions  for  finite  screws  and  their  derivatives  have  been  developed 
and  expressed  in  a  shorthand  notation.  The  pair  geometry  con¬ 
straints  for  sphere-plane,  sphere-groove,  sphere-slotted-cylinder 


ix 


and  cylinder-plane  higher  pairs  are  presented.  Using  these  pair 
geometry  constraints,  and  the  finite  screws  and  its  derivatives, 
several  mechanisms  containing  the  above  mentioned  higher  pairs 
have  been  analyzed  for  position,  velocity  and  acceleration. 

Computer  programs  are  given  for  the  analysis  of  some  of  the 
typical  three-,  four-,  and  five-link  mechanisms.  The  use  of 
the  programs  are  demonstrated  in  the  examples  in  Chapter  VII. 
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The  material  in  this  dissertation  can  be  effectively 
divided  into  two  subtopics:  philosophy  of  optimal  mechanism 
design,  and  optimization  of  dyad-based  spatial  mechanisms. 

The  first  subtopic,  philosophy  of  optimal  mechanism 
design,  is  intended  to  be  general  in  nature,  applying  to  all 
types  of  mechanisms,  both  higher  and  lower  pair,  and  both 
planar  and  spatial.  This  is  covered  in  Chapters  One  through 
Three'.  Chapter  One  examines  past  approaches  to  mechanism 
optimization.  Chapter  Two  is  a  brief  review  of  optimization 
theory,  particularly  aS  it  applies  to  mechanism  optimization. 
Chapter  Three  draws  upon  the  insights  gained  in  the  first 
two  chapters  to  formulate  a  general  approach  to  the  mechanism 
optimization  problem. 

The  second  subtopic  of  this  dissertation,  optimization 
of  dyad-based  spatial  mechanisms,  is  covered  in  Chapters 


Four  through  Seven.  This  is  actually  a  rather  limited 

example  of  applying  the  philosophy  developed  in  the  first 

three  chapters.  Nevertheless,  the  mechanisms  treated  in 

this  section  are  believed  to  represent  some  of  the  most 

useful  motion  generating  spatial  mechanisms,  and,  therefore 

those  for  which  improved  design  theories  are  most  urgently 

needed.  In  Chapter  Four,  closed-form  synthesis  equations 

are  derived  for  dyads  containing  revolute  (R) ,  spheric  (S) 

• 

and  cylindric  (C)  pairs.  Chapters  Five  and  Six  present 
detailed  examples  of  the  optimization  of  the  four-link 
RCCC  and  five-link  RSSR-SC  and  RSSR-SS  mechanisms.  Finally 
Chapter  Seven  outlines  procedures  for  the  optimization  of 
other  dyad-based  spatial  mechanisms,  and  offers  suggestions 
for  further  research. 
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Function  generation  synthesis  of  spatial  mechanisms  with  only  three 
links  is  achieved  by  employing  higher  pairs  (sphere-plane  (Sp),  cylinder- 
plane  (Cp)  and  sphere-groove  (Sg)  pairs)  to  constrain  the  motion  of  two 
links. 

This  dissertation  shows  the  methods  and  procedures  for  obtaining  the 
equations  for  multiply-separated-precision  point  (MSP)  synthesis  for  four 
spatial  function  generators  -  R-Sp-R,  R-Sp-P,  R-Cp-C  and  R-Sg-C. 

Higher  pair  constraint  equations  in  vector  form  are  utilized  to 
obtain  closed-form  solutions  for  the  different  synthesis  cases  of  various 
numbers  of  positions  and  specified  and  unknown  parameters.  The  method 
of  elimination  is  used  extensively  to  solve  the  resulting  non-linear 
systems  of  equations. 


Kinematic  synthesis  and  analysis  of  the  four  spatial  function 
generators  is  performed  in  vector  notations  and  with  screw  displacemen 
in  vector  form.  Explicit  equations  are  also  obtained  from  the  investi 
gation  of  the  transmission  characteristics  of  these  mechanisms. 

The  synthesis  procedures  just  completed  were  then  augmented  by 
developing  design  criteria  far  the  pair  elements  to  assure  range  of 
mobiiity  and  avoidance  of  interference. 


